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Calculations of the planar cholesteric texture with homeotropic boundary conditions are pre-
sented. At a constant film thickness there is a critical twist #oc below which the planar texture has
transformed into a homeotropic one. The additional influence of an external field is discussed for
positive and negative anisotropy and with field orientations parallel or normal to the film plane. A
general solution of the director field has been found for a normal orientation of the field. A properly
adjusted twist ¢, obtained by dilution of an optically active material in a nematic matrix opens a
possibility to reduce the critical voltage in technical devices.

§ 1. Introduction

The unstrained cholesteric liquid crystal is known
to have a uniform helical structure. The director
normal to the helical axis is wound around it with
the material immanent twist ¢, =2 /P, where P is
the pitch. External homogeneous magnetic or elec-
tric fields parallel or normal to the helical axis can
generate various transitions !. They have been dis-
cussed for thick layers. In the case of a thin layer
and by adding special boundary conditions the criti-
cal equations have to be modified.

The influence of normal homeotropic boundary
conditions on a fingerprint texture in the absence of
external fields has been studied experimentally by
Brehm, Finkelmann and Stegemeyer . They have
found that with decreasing thickness of the film
there is a transition of the fingerprint texture into
the homeotropic texture known from nematics.

Cladis and Kleman 3 have studied the fingerprint
texture and could give approximate solutions for the
director field also in the case of homeotropic bound-
ary condition. They conclude that the fingerprint
texture is connected with disclinations in the plane
of the sample. So the formation of the fingerprint
texture out of a planar texture requires some kind
of nucleation process, which will need time to de-
velop.

One may expect that the homeotropic texture ob-
served in thin layers of small twist cholesterics, as
observed by Brehm et al.? should be stabilized to a
higher thickness by a field normal to the layer in
case of positive anisotropy. Now by switching off
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the field there could be some chance that before the
fingerprint texture can develop the homeotropic
layer will be deformed into a planar texture resp.
Grandjean texture. Such a case, where the director
N is only a function of z (the direction normal to
the layer), hereby simultaneously conserving the
homeotropic boundaris, shall be discussed here.

Let us start with a homeotropic nematic layer of
thickness d. In this case we have a twist £, =0. One
might increase f, contineously, for instance by the
diffusion of chiral molecules into the layer. The
homeotropic texture will stay stable until a critical
twist #y, is reached where the transformation into the
planar texture takes place. Because of the homeo-
tropic boundaries there arises no problem of hys-
teresis contrary to the case of parallel boundaries *.

This critical twist £, can also be influenced by
external fields, normal or parallel to the layer.
Other directions of the field shall be excluded be-
cause they would violate the conditions for obtaining
a critical twist.

In Chapt. 2 we present the critical equation and
the solution for small amplitudes in n, and n, (lin-
ear approximation) in presence of a normal or par-
allel external field. In Chapt. 3 we derive the general
solution for any amplitude in n, and n, in presence
of a field normal to the layer. In Chapt. 4 the re-
sults shall be discussed.

§ 2. Approximation for Small n, and n,

The homeotropic boundary conditions require
n,=n,=0 at the plane boundaries z= td/2. The
equilibrium condition is I'=m xh=0. The mo-
lecular field B contains contributions of the elastic
splay, twist and bend and of the external field. In the
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twist term we have to use (4 +1¢,) instead of 4=
n(vxn). By only leaving terms linear in n;, n,
or the z derivatives of n,, n, one gets a system of
two linear homogeneous differential equations for
n,and n,.

a) Field Parallel to the Layer

Without restrictions of the generality all equa-
tions are formulated for a magnetic field H=
(H,0,0). It can easily be replaced or extended by
an electric field.

TI=2K2t0nz’—K3ny”=0, (1)
Ty=2K2 tony’+K3nx"+/loxaH2nz=0 .
We are looking for a set of critical values H, and

ty. , which give nontrivial solutions for Equation (1).
We use the abbreviations

_ /f,m(lié)z
Kz \2=)°

v= (% d[7)2;

(2)

% =Ky/Ky  (3)

where
and
k= (2a/d) (u+v) (4)
%a (or & in the electric case) can be positive or
negative. Therefore we distinguish two cases:
Case u < 0: Here the critical equation is
ut+v=1. (5)
The solution for small n,, n, is
n,—=asinkz,
ny=—aVv(coskz+1) (6)
where we have to use a k value for which Eq. (5) is
fulfilled, which means k = 2 7/d.
Case u 2> 0: Here the critical equation is
u , tga(wtv)
v a(u+v)

=0 (7)

The solution for small n,, n, is
ny=al[cos kz—cosk(df2)],
ny,=aVv[sinkz — (2z/d)sink(d/2)] (8)
where Eq. (7) has to be fulfilled for k.

The critical equation of case u < 0 could also
be extended to u > 0. But the solution is no more the
stable one and the critical parameters would be
larger than those in Equation (7). In Fig. 1 you see

a graph of the critical parameters derived from Eqs.
(5) and (7) (full curve).
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Fig. 1. Graph of the critical equations v (~#oc%) versus
u (~ H¢?) for negative and positive anisotropy. Full curve:
field parallel to the layer. Dashed curve: field normal to the
layer. The vertical dotted line separates the two regimes of
different conformation in case of a field parallel to the layer.

b) Field Normal to the Layer
With the magnetic field H= (0,0, H) the differ-

ential equations are
I',=2K,tyn, —Kgn,” +pga H?ny =0,
I'y=2Kstyn, +Kyn,” — g 1. H2n;=0. (9)
A solution which satisfies the boundary conditions is

Tz
nI=acos——d cos%aly 2,
(10)
nz .
nz,=a005751n9¢2toz.

In order to fulfill the differential equations simul-
taneously we obtain the critical equation

v—4u=1. (11)

In Fig. 1 the graph for the normal field yields a
straight line (dashed curve), which holds in like

manner for positive and negative anisotropy.

§ 3. General Solution

The solutions for n,, n, given in § 2 only hold
for the critical parameters that means for an in-
finitesimally small amplitude a. A general solution
which also holds beyond the critical u-v graph can
be obtained for the case of a field normal to the
layer. This time we prefer to introduce polar co-
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ordinates
n;=sin? cos ¢,

ny=sin?sing, (12)
n,=cos?,
and to be short we define
J(9) =1+ (%, —1)sin®¥; #, = K,/K;,
g(B) =1+ (%3 —1)sin®F; %, = K,/K;,
M = gy, H*/K; . (13)

The equilibrium condition I' =m x h = 0 yields two
independent differential equations. The first one we
obtain from I',=0:
d ,. ,
Fz:KSE {sin? 9 [g(D) " — 9]} =0. (14)
The second one we obtain from a suitable combina-
tion of I';=0 and I',=0, namely

I'yn,—I';n, (15)

L Af(dy (0) sinZ 9

2 a9 +2
9(9)¢) — M } -

Because of I'*11 =0 the other feasible combination
I'yn,+I'yn,=0 is equivalent to I',n,=0. Here
n, = 0 can be excluded with regard to the boundary
conditions, and I',=0 is already used in (14).
When we integrate (14) and use one of the bound-
ary conditions

$=0 at z=1d[2

=K;sind {/(0)19"

X [@2+2¢" (2at—

(16)
we obtain
sin? 9 [g (9) 9" — o] = (17)

Either sin?? = 0, which however means homeo-
tropic texture, or

g =ny 1. (18)

We see that ¢ is only a function of 9. For #=0

we have ¢ =x,1,, for #=n/2 we have ¢ =1,
which has been known before.

Using (18) we can replace ¢ in (15) and obtain

S U@P 4 D 1g (9)2 - M] - sint 0.
(19

When we set ¢, =0 this equation reduces to the case
of pure nematics as already known. Now we inte-
grate (19) choosing z=0 as the lower limit with
9?(0) =9, and for symmetry reasons 9(0)"=0.

We expect #(z) to decrease from ¢, to zero, when
z runs from O to d/2. The integral is elementary
soluble and we get

2 %, —sin2 ¥
— [P g g(9y) — Mg(9)]- 2 e oY

BIOYIOR

(20)
Integrating (20) we end up with

ii[l 15,9, M)

)= Is, (95, M)

]; for z=0 (21)

where
®

g ]2
Io,(9, M) = § [m]

.[1_ giﬁz) Mg )]-1/2(1%.

The magnitude of ¥, is implicitely determined by

(22)

w0 = VIO 1,000 23)

The critical Eq. (11) derived in § 2.b can also be
obtained from (23) by going to the limit of ¢, when
¥, approaches zero.

In order to further simplify this result let us
consider the one constant approximation (f=g=1x,
=1). From Eq. (18) we obtain

P = to zZ.
And Eq. (21) yields an expression which contains
elliptical integrals. For z> 0 we have
(1-22z/d) =F(0,sin?,) [K(sind,)  (25)
sin 0 = sin ?/sin 9, . (26)
K and F are the complete elliptic and the Legendre
normal integral of the first kind °.

Jz)

(24)

where

£/d=.092

.d 0

Fig. 2. Graph of ¥ as a function of z in the one constant
approximation. Parameter is &/d, where &—1= (t,2—M)'/2,
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The external field only contributes via Eq. (23)
which becomes

2 &/d = 1/K (sin 9,) . (27)

We have introduced here a generalized coherence
length

§=1/V>’—M. (28)
In Fig. 2 you find a graph of ¥ (z) with &/d as a
parameter. As long as &/d = 0.3183 the whole film
stays in the homeotropic stale, which means ¢ = 0.

P /grad —
180 360
90 : ;
! 60
O
o
o
# 30
0

toz/rd —

Fig. 3. Graph of @ as a function of tyz=eq. One constant
approximation for the halfspace. Parameter is ¢, &, where
E-1= (e — M) .

With decreasing & then the maximum deflection ¥,
increases and in the limit &— 0 it approaches the
value /2. 9 (z) varies from 0 to 71/2 within a thin
surface layer of thickness &.

In order to illuminate the situation near the
boundary more closely we look for the solution in
the case of a halfspace (=0 for z=0 and 4" =0,
) =x/2 for z= ~). From Eq. (25) we obtain

9 (z) = arcsin Tg(z/&) (29)

and Eq. (24) remains unchanged.

In Fig. 3 we have plotted ¢ as a function of
tyz=1. The parameter t,&=1 belongs to the field
free case. Values t, $<1 are obtained with a nega-
live anisotropy, whereas values £y £ >1 are obtained
with a positive anisotropy of the field. For #,& = ~
the helix becomes completely unwound. That means
another critical field

H(": [0(1'\'//40 7_:1)1/’2 (50)

which is nothing else as the critical Eq. (11) extra-
polated to d = ~.
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§ 4. Discussion

To begin with let us elucidate the director field
n(z) along the critical u-v curve more closely. In
the case of an external field H= (H,0,0) parallel
to the layer, 1 is analytically described by Eq. (6)
or Equation (8). In Figs. 4a,b you see a plot of
the orthographic projection of the director m for
—d[2<z< +d[2. The critical v is chosen as a
parameter. Owing to the homeotropic boundaries
each curve begins and ends at the origin.

Figure 4 a holds for negative anisotropy (u<0).
Here the external field stabilizes the homeotropic
texture. Decreasing the field strength at the critical
point the director prefers a deviation normal to the
external field direction. If we define a critical angle
Ape=p.(d[2) —q. (—d/2), where ¢ has the same
meaning as in Eq. (12) and the index c holds for
the critical curve, we find Ap,=a for all values
of v.

Ny Ny v=1
N 05
© 4oyl
0
Nx
= Ny =
H=(H00) u=0 H=(H00) wu=0
(a) (b)
Ny
v=h
1
/4
A=(00H) 0
uz0 Nx
114
1
4

(c)

Fig. 4. Orthographic projection of the director n into the

z-y plane at the critical u-v curve. One constant approxima-

tion. a) H= (H,0,0); negative anisotropy. b) H =

(H,0,0); positive anisotropy. ¢) H = (0,0, H) normal to

the film; positive and negative anisotropy. Parameter is the
critical v.
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Figure 4 b holds for positive anisotropy (u=0).
Here the external field helps to destroy the homeo-
tropic conformation. Increasing the field strength
at the critical point the director prefers to turn par-
allel to the external field direction. Here one finds
Ap.=mv. For v=0 we have the well known Frede-
ricks transition.

For u<0 as well as for >0 there are two
equivalent conformations above the critical u-v
curve. They transform into one another by a « rota-
tion around the z axis. Let us define * with € in the
2-y plane the direction of maximum deflection of the
director in the middle of the layer (z=0). Then in
case of u<0 we either have €=y or ¢= —y. In
case of u>0, however, we either have € =X or
¢ = —X. In both cases this allows the formation of
walls normal to the layer with a completely homeo-
tropic orientation in their interior.

At the limit =0 in the non homeotropic regime
(v=1), which you find as a dotted line in Fig. 1,
C can obtain any direction within the z-y plane.
This allows the formation of umbilics of the strength
* 1 already without an external field. By crossing
the limit € has to be turned by *:7/2. Such a cross-
ing should be accomplished by combining a mag-
netic and an electric field (&, <0), both parallel to
X. However walls of higher order cannot be ex-
pected becauses of the homeotropic boundaries.

In the case of an external field H= (0,0, H)
normal to the layer by using Eq. (10) we obtain the
graph shown in Fig. 4 ¢ as the orthographic projec-
tions of the director M. There is no preferential
orientation anymore in the 2-y plane. Any rotation
of the curves around the z axis is admitted. This
degeneration above the critical u-v curve (Fig.1)
provides the conditions under which umbilics can be
formed. This simply means a steady extension from
the pure nematic (v=0) into the cholesteric do-
main, worth mentioning the existence of umbilics
also at positive anisotropy. The intersection of the
critical u-v curve with the abscissa v=0 (Fig. 1)
belongs to the well known Fredericks transition.

The critical angle is found to be Ap.—=a Vv
=5ty d. That means it can be very large. The
reason is seen by consulting Equation (18). By
applying an external field normal to the layer the
unperturbed slope of the helix can at most be ex-

tended by a factor of K,/K,.

On the contrary a

* ¢, n,y, x, are unit vectors.
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sufficient strong field parallel to the layer unwinds
the helix completely.

By moving off the critical u-v curve into the
planar regime at constant v (Fig. 1) we approach a
saturation in Ap, namely Ad@,..=t).d. Conse-
quently in case of a normal field ‘we have

z2=A¢t/Aq7max . (31)

The experimental determination of Ag, and Apy,
probably will cause certain difficulties. Here also a
detailed analysis of the optical behaviour of such a
layer at normal incidence has to be performed. In a
qualitative way we expect circular modes for visible
light in the immediate neighbourhood of the critical
u-v curve because of the very small optical aniso-
tropy which is developing from zero. With increas-
ing ¥, at z=0 the circular modes will turn more
and more into wave guide modes leaving the circular
nature only near the homeotropic boundaries.

Of a certain interest concering the stability of a
planar conformation with homeotropic boundaries
is the elastic energy stored in such a film. In the one
constant approximation one can find an exact solu-
tion for the halfspace. The stored energy per surface
area comes out to be

fa=K|t]. (32)

Assuming a film of thickness d the homeotropic con-
formation yields

fl1=%Kt02d. (32)

At the critical point |ty|d =2 we have f; =
(7/2)K | t,!. Here the homeotropic conformation
becomes unstable. With increasing Ilold the stored
energy density approaches the limit 2 K |¢,!.

The transitions within the cholesteric phase treated
so far in the literature ! are always restricted to the
case |ty|d>2a. In this paper yet the range
0=|t,|d £2a is of special interest. Because of
the constraint, introduced into our calculations, that
the director field only depends on z, the results
might only be good for small values of |#,/d.

Let us compare the statements given in this paper
with the experimental results obtained by Brehm
et al.? on MBBA with optically active additives.
They have found that the fingerprint texture already
dominates the homeotropic conformation at |t,|d
values between 4.8 and 5.5. The transformation of
the homeotropic into the planar texture however
should happen at |#y|d =a K;/K, . Using values out
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of the literature ® this gives about |¢,|d =8=%1. So
without external fields the homeotropic planar tran-
sition should not be observable, because the finger-
print texture will appear before. In our laboratory
Wahl7 is studying the influence of optically active
additives upon the critical voltage. These measure-
ments however cover the whole critical u-v curve
formv=0tov=1.

Finally let me mention possible technical applica-
tions. The well defined addition of small amounts
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